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Abstract. In this paper we investigate the existence of solutions on a compact interval
to a three and four-point boundary value problem for a class of second order diﬀerential
inclusions. We shall rely on a fixed point theorem for contraction multivalued maps due to
Covitz and Nadler.
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1. Introduction
The existence of solutions on compact intervals for three-point and multi-point bound-
ary value problems for second order diﬀerential equations has received much attention
in the last decade, we refer for instance to the papers of Boucherif and Bouguima [1],
Gupta [2-5], Gupta et al [6-8], Gupta and Trofimchuk [9-10] and Marano [11]. The
study of multi-point boundary value problems for second order ordinary diﬀerential
equations was initiated by Il’In and Moiseev in [12-13], motivated by the work of
Bitsadze and Samarskii on nonlocal elliptic boundary value problems [14-16]. The
methods used are usually the topological transversality of Granas or the degree the-
ory methods combined with Wirtinger type inequalities.
Very recently, by means of a fixed point theorem for condensing multivalued maps
due to Martelli, an extension of three and four-point boundary value problems for
second order diﬀerential equations to the multivalued case has been done by the
authors in [17-18]. However, in these problems the right-hand side was assumed to be
convex valued. Here we drop this restriction and consider problems with a nonconvex
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valued right-hand side.
In Section 3 of this paper we shall prove a theorem which ensures the existence
of solutions defined on a compact real interval for the three-point boundary value
problem (BVP for short) of the second order diﬀerential inclusion
y00 ∈ F (t, y), t ∈ J = [0, 1], (1.1)
y(0) = 0, y(η) = y(1), (1.2)
where F : J × IR −→ P(IR) is a multivalued map, η ∈ (0, 1), and P(E) is the family
of all subsets of IR.
Section 4 is devoted to the study of the following four-point boundary value prob-
lem
y00 ∈ F (t, y), t ∈ J = [0, 1], (1.3)
y(0) = y0(η), y(1) = y(τ), (1.4)
where F, η are as in the problem (1.1)-(1.2) and τ ∈ (0, 1). The method we are going
to use is to reduce the existence of solutions to problems (1.1)-(1.2) and (1.3)-(1.4)
to the search for fixed points of a suitable multivalued map on the Banach space
C(J, IR). In order to prove the existence of fixed points, we shall rely on a fixed point
theorem for contraction multivalued maps, due to Covitz and Nadler [19].
2. Preliminaries
In this section, we introduce notations, definitions, and preliminary facts from
multivalued analysis which are used throughout this paper.
Let (X, d) be a metric space. We use the notations:
P (X) = {Y ∈ P(X) : Y 6= ∅}, Pcl(X) = {Y ∈ P (X) : Y closed}, Pb(X) =
{Y ∈ P (X) : Y bounded}.
Consider Hd : P (X)× P (X) −→ IR+ ∪ {∞}, given by
Hd(A,B) = max
½
sup
a∈A
d(a,B), sup
b∈B
d(A, b)
¾
,
where d(A, b) = infa∈A d(a, b), d(a,B) = infb∈B d(a, b).
Then (Pb,cl(X),Hd) is a metric space and (Pcl(X),Hd) is a generalized metric
space.
A multivalued map N : J −→ Pcl(X) is said to be measurable if, for each x ∈ X,
the function Y : J −→ IR, defined by
Y (t) = d(x,N(t)) = inf{|x− z| : z ∈ N(t)},
is measurable.
Definition 1 A multivalued operator N : X → Pcl(X) is called
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a) γ-Lipschitz if and only if there exists γ > 0 such that
Hd(N(x), N(y)) ≤ γd(x, y), for each x, y ∈ X,
b) contraction if and only if it is γ-Lipschitz with γ < 1.
N has a fixed point if there is x ∈ X such that x ∈ N(x). The fixed point set of
the multivalued operator N will be denoted by FixN .
For more details on multivalued maps we refer to the books by Deimling [20],
Gorniewicz [21] and Hu and Papageorgiou [22].
Our considerations are based on the following fixed point theorem for contraction
multivalued operators given by Covitz and Nadler in 1970 [19] (see also Deimling, [20]
Theorem 11.1).
Lemma 2 Let (X, d) be a complete metric space. If N : X → Pcl(X) is a contraction,
then FixN 6= ∅.
3. Three-Point BVPs
The main result of this section concerns the three-point BVP (1.1)—(1.2). Before
we state and prove this result, we give the definition of a solution of the three-point
BVP (1.1)—(1.2).
Definition 3 A function y : J −→ IR is called a solution for the BVP (1.1)-(1.2)
if y and its first derivative are absolutely continuous and y00 (which exists almost
everywhere) satisfies the diﬀerential inclusion (1.1) a.e. on J and the condition (1.2).
Theorem 4 Assume that:
(H1) F : J × IR → Pcl(IR) has the property that F (·, y) : J → Pcl(IR) is measurable
for each y ∈ IR.
(H2) Hd(F (t, y), F (t, y)) ≤ l(t)|y − y|, for a.e. t ∈ J and y, y ∈ IR, where l ∈
L1(J, IR).
Let L(t) =
R t
0
l(s)ds, and µ > 1. If
1
µ
+
L(η) + L(1)
1− η < 1,
then the BVP (1.1)-(1.2) has at least one solution on J.
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Proof. Let the Bielecki-type norm k · kB on C(J, IR) be defined by
kykB = maxt∈J {|y(t)|e
−µL(t)}.
Transform the problem into a fixed point problem. Consider the multivalued map,
N : C(J, IR) −→ P(C(J, IR)) defined by:
N(y) =
½
h ∈ C(J, IR) : h(t) =
Z t
0
(t− s)g(s)ds+ t
1− η
Z η
0
(η − s)g(s)ds
− t
1− η
Z 1
0
(1− s)g(s)ds
¾
where
g ∈ SF,y =
©
g ∈ L1(J, IR) : g(t) ∈ F (t, y(t)) for a.e. t ∈ J
ª
.
Remark 5 (i) It is clear that the fixed points of N are solutions to (1.1)-(1.2).
(ii) For each y ∈ C(J, IR) the set SF,y is nonempty, since by (H1), F has a
measurable selection (see [23], Theorem III.6).
We shall show that N satisfies the assumptions of Lemma 2. The proof will be
given in two steps.
Step 1: N(y) ∈ Pcl(CJ, IR) for each y ∈ C(J, IR).
Indeed, let (yn)n≥0 ∈ N(y) such that yn → y˜ in C(J, IR). Then y˜ ∈ C(J, IR) and
for each t ∈ J
yn(t) ∈
Z t
0
(t− s)F (s, y(s))ds+ t
1− η
Z η
0
(η − s)F (s, y(s))ds
− t
1− η
Z 1
0
(1− s)F (s, y(s))ds.
Because the setsZ t
0
(t−s)F (s, y(s))ds, t
1− η
Z η
0
(η−s)F (s, y(s))ds and t
1− η
Z 1
0
(1−s)F (s, y(s))ds
are closed for each t ∈ J , then for each t ∈ J
yn(t)→ y˜(t) ∈
Z t
0
(t− s)F (s, y(s))ds+ t
1− η
Z η
0
(η − s)F (s, y(s))ds
− t
1− η
Z 1
0
(1− s)F (s, y(s))ds.
Therefore y˜ ∈ N(y).
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Step 2: Hd(N(y1), N(y2)) ≤ γ|y1 − y2| for each y1, y2 ∈ C(J, IR) (where γ < 1).
Let y1, y2 ∈ C(J, IR) and h1 ∈ N(y1). Then there exists g1(t) ∈ F (t, y1(t)) such
that, for each t ∈ J,
h1(t) =
Z t
0
(t− s)g1(s)ds+
t
1− η
Z η
0
(η − s)g1(s)ds−
t
1− η
Z 1
0
(1− s)g1(s)ds.
From (H2) it follows that
Hd(F (t, y1(t)), F (t, y2(t))) ≤ l(t)|y1(t)− y2(t)|.
Hence, there is w ∈ F (t, y2(t)), such that
|g1(t)− w| ≤ l(t)|y1(t)− y2(t)|, t ∈ J.
Consider U : J → P(IR), given by
U(t) = {w ∈ IR : |g1(t)− w| ≤ l(t)|y1(t)− y2(t)|}.
Since the multivalued operator V (t) = U(t)∩F (t, y2(t)) is measurable (see Proposition
III.4 in [23] there exists g2(t) a measurable selection for V . So, g2(t) ∈ F (t, y2(t)) and
|g1(t)− g2(t)| ≤ l(t)|y1(t)− y2(t)|, for each t ∈ J.
Let us define for each t ∈ J
h2(t) =
Z t
0
(t− s)g2(s)ds+
t
1− η
Z η
0
(η − s)g2(s)ds−
t
1− η
Z 1
0
(1− s)g2(s)ds.
Then we have
|h1(t)− h2(t)| ≤
Z t
0
(t− s)|g1(s)− g2()| ds+ t
1− η
Z η
0
(η − s)|g1(s)− g2(s)| ds
+
t
1− η
Z 1
0
(1− s)|g1(s)− g2(s)| ds
≤
Z t
0
l(s)|y1(s)− y2(s)|ds+ 1
1− η
Z η
0
(η − s)l(s)|y1(s)− y2(s)|ds
+
1
1− η
Z 1
0
(1− s)l(s)|y1(s)− y2(s)|ds ≤
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≤
Z t
0
l(s)e−µL(s)eµL(s)|y1(s)− y2(s)| ds
+
1
1− ηL(η)e
µL(t)ky1 − y2kB
+
1
1− ηL(1)e
µL(t)ky1 − y2kB
≤ ky1 − y2kB
Z t
0
l(s)eµL(s)ds+
1
1− ηL(η)e
µL(t)ky1 − y2kB
+
1
1− ηL(1)e
µL(t)ky1 − y2kB
= ky1 − y2kB 1
µ
Z t
0
(eµL(s))0ds+
1
1− ηL(η)e
µL(t)ky1 − y2kB
+
1
1− ηL(1)e
µL(t)ky1 − y2kB
≤ ky1 − y2kB
µ
eµL(t) +
1
1− ηL(η)e
µL(t)ky1 − y2kB
+
1
1− ηL(1)e
µL(t)ky1 − y2kB.
Then
kh1 − h2kB ≤
·
1
µ
+
L(η) + L(1)
1− η
¸
ky1 − y2kB.
By the analogous relation, obtained by interchanging the roles of y1 and y2, it follows
that
Hd(N(y1), N(y2)) ≤
·
1
µ
+
L(η) + L(1)
1− η
¸
ky1 − y2kB.
So, N is a contraction and thus, by Lemma 2, it has a fixed point y, which is
solution to (1.1)-(1.2).
4. Four-Point BVPs
The main result of this section concerns the four-point BVP (1.3)—(1.4). Before
we state and prove this result, we give the definition of a solution of the four-point
BVP (1.3)—(1.4).
Definition 6 A function y : J −→ IR is called a solution for the BVP (1.3)-(1.4)
if y and its first derivative are absolutely continuous and y00 (which exists almost
everywhere) satisfies the diﬀerential inclusion (1.3) a.e. on J and the conditions
(1.4).
Theorem 7 Assume that (H1) and (H2) are satisfied. If
1
µ
+ L(η) + 2
L(τ) + L(1)
1− η < 1,
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then the BVP (1.3)-(1.4) has at least one solution on J.
Proof. Let k · kB the Bielecki-type norm on C(J, IR) defined by
kykB = maxt∈J {|y(t)|e
−µL(t)}.
Transform the problem into a fixed point problem. Consider the multivalued map,
N1 : C(J, IR)→ P(C(J, IR)) defined by:
N1(y) =
½
h ∈ C(J, IR) : h(t) =
Z t
0
(t− s)g(s)ds+
Z η
0
g(s)ds
+
1 + t
1− τ
·Z τ
0
(τ − s)g(s)ds−
Z 1
0
(1− s)g(s)ds
¸¾
where
g ∈ SF,y =
©
g ∈ L1(J, IR) : g(t) ∈ F (t, y(t)) for a.e. in J
ª
.
We can easily show that N1 has closed values and it is a contraction multivalued map.
We omit the details.
5. Concluding Remarks
Let ai ∈ IR, with all of the a,is having the same sign, ξi ∈ (0, 1), i = 1, 2, . . . ,m − 2,
0 < ξ1 < ξ2 < . . . < ξm−2 < 1. Consider the following m-point boundary value
problem for second order diﬀerential inclusions
y00(t) ∈ F (t, y(t)), t ∈ J, (5.1)
y(0) = 0, y(1) =
m−2X
i=1
aiy(ξi). (5.2)
It is well known (see [12] for example) that if a function y ∈ C1 satisfies the boundary
condition (5.2) and all of the ai, i = 1, 2, . . . ,m − 2 have the same sign, then there
exists η ∈ [ξ1, ξm−2], depending on y ∈ C1(J, IR) such that
y(1) = αy(η)
with α =
m−2P
i=1
ai. Accordingly, the problem of the existence of a solution for the BVP
(5.1)—(5.2) can be studied via the three-point BVP
y00(t) ∈ F (t, y(t)), t ∈ J,
y(0) = 0, y(1) = αy(η),
where η ∈ (0, 1) is given. We omit the details, since the proof follows the steps of the
proof of Theorem 4, with obvious modifications.
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It is obvious that the above method can also be applied to other types of m-point
BVPs. For example for the BVPs
y00(t) ∈ F (t, y(t)), t ∈ J,
y0(0) = 0, y(1) =
m−2X
i=1
aiy(ξi),
or
y00(t) ∈ F (t, y(t)), t ∈ J,
y(0) = 0, y0(1) =
m−2X
i=1
aiy
0(ξi)
which can be reduced to the following three point BVPs:
y00(t) ∈ F (t, y(t)), t ∈ J,
y0(0) = 0, y(1) = αy(η)
and
y00(t) ∈ F (t, y(t)), t ∈ J,
y(0) = 0, y0(1) = αy0(η)
respectively.
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